For the Haldane phase, the magnetic field usually tends to break the symmetry and drives the system into a topologically trivial phase. Here, we report a novel reentrance of the Haldane phase at zero temperature in the spin-1 antiferromagnetic Heisenberg model on sawtooth chain. A partial Haldane phase is induced by the magnetic field, which is the combination of the Haldane state in one sublattice and a ferromagnetically ordered state in the other sublattice. Such a partial topological order is a result of the zero-temperature entropy due to quantum fluctuations caused by geometrical frustration.
Introduction. -Frustration incorporating with strong correlations usually leads to exotic quantum phenomena. A typical example in statistical physics is the reentrant phenomena, where a sequence of phase transitions, such as A-B-A-B by lowering temperature may happen, where A and B denote ordered and disordered phases, respectively. Taking the Ising model on kagomé lattice with nearest and next-nearest neighboring interactions as an example, one may find that upon lowering temperature, the system passes through four phases, a paramagnetic phase, a magnetically-ordered phase, a reentrant paramagnetic phase, and a ferromagnetic phase 1 . Such a reentrant phenomenon was experimentally confirmed 2 , and theoretically investigated with different approaches 1, [3] [4] [5] [6] [7] [8] . In the past decades, systematic investigations on the partially disordered phase in both classical and quantum systems at finite temperatures were performed theoretically 1,4,5,9-15 and experimentally [16] [17] [18] [19] [20] [21] . It has been widely recognized that the partially disordered phase is driven by the thermal entropy, in which the disordered part behaves like a "perfect" paramagnet. The reentrant phenomena can be viewed as the order-bydisorder effect 22 , which is driven by thermal fluctuations and entropy.
Recently, the interests on the reentrant phenomena were renewed. The order-by-disorder effects were investigated theoretically [23] [24] [25] [26] and experimentally 27, 28 . For the spin-1/2 Heisenberg antiferromagnet on the √ 3 × √ 3-disordered triangular lattice 26 , a partially disordered ground state in the weakly frustrated regime was reported. The spins on the honeycomb sublattice form a 180
• Néel order, and spins at the hexagon center sites are in a disordered state. This work is aimed at explaining the spin-liquid behaviors of LiZn 2 M o 3 O 8 29 , and shows that a partially disordered phase can be the ground state of a simple quantum isotropic Heisenberg antiferromagnet. Comparing with the classical systems, the disordered subsystem is a short range ferromagnetically correlated state instead of a paramagnet, and the mechanism is owning to the zero-point quantum fluctuations instead of the thermal ones. Furthermore, previous works show that the order-by-disorder effects are observed not just on the frustrated magnets 23 but also in cold-atom platforms 25 . The quantum fluctuations might be induced by, for instance, the spin-orbit couplings 24, 25 . In this Letter, we study the spin-1 Heisenberg model on the sawtooth chain ( Fig. 1 ) by density matrix renormalization group 30 . Sawtooth chain is an important 1D structure that widely exists in natural materials (e.g., Cu 2 Cl(OH) 3 31 ). The model Hamiltonian is given as
where
, and h z is the magnetic field along the z direction. We report a reentrance of the Haldane phase in this model at zero temperature. The calculational details are given in Supplementary Materials. We establish the θ − h z phase diagram of the system (Fig. 2) , where two topologically non-trivial phases (Haldane and partial Haldane phases) are found. In the partial Haldane phase, only one sublattice of the system is in the Haldane phase (sublattice A in Fig. 1 ), and the sublattice B is in a topologically trivial phase. Particularly for θ ≃ 0.6, a reentrance of the topological Haldane phase induced by the magnetic field h z is revealed. The Haldane phase -trivial magnetic phase -partial Haldane phase transitions by increasing h z are discovered. The partial Haldane phase appears by increasing the magnetic field. Our work extends the quantum reentrant phenomena at zero temperature from the conventional phases (e.g., 26 ) to topological phases. 32 . Let us focus on the Haldane phase and partial Haldane phase. We first consider two limits θ = 0 and θ = 1. In the case of θ = 0, we have J 1 = 1 and J 2 = 0, and the system becomes a standard spin-1 antiferromagnetic Heisenberg chain. The ground state in this case is the well-known Haldane phase (HP) 33, 34 with a finite gap ∆ 0 = 0.41J 30, 35 . In the case of θ = 1, we have J 1 = 0 and J 2 = 1, the system can be regarded as Haldane chain in the sublattice A, decoupled to the free spins in the sublattice B.
Fruitful physics appear at 0 < θ < 1. are close to ∆ 0 = 0.41J, which is the gap of the standard Haldane chain. By increasing θ, the spin gaps increase monotonously until θ ≃ 0.38, where the gaps reach a maximum about ∆ = ∆ A(B) ≃ 0.62. Afterwards, the spin gaps decrease rapidly and vanish at θ c1 ≃ 0.64. For θ > θ c1 , the system enters a gapless region with ∆ = ∆ A(B) = 0 until θ reaches θ c2 ≃ 0.9. For θ c2 < θ < 1, ∆ B remains zero (thus ∆ = 0), but ∆ A jumps to a finite value, which indicates that the sublattice A enters the Haldane phase. In this region, subsystem B is sensitive to the external field and can be polarized by a very small h z , similar to a paramagnet. By increasing θ to θ = 1, ∆ A approaches to ∆ A = ∆ 0 , where the system becomes a Haldane chain decoupled with free spins. Fig. 3 (b) demonstrates the entanglement spectra (ES) of the ground state. It has been suggested that ES can be used to characterize and classify exotic quantum states that are beyond the Landau symmetry-breaking paradigm [36] [37] [38] [39] . For example, the phase transition from the Haldane phase to a topological-trivial phase can be detected by the collapse of the even-fold degeneracy structure of the ES 37, 40 . In our system for h z = 0, the ES [red hollow circles in Fig. 3(b) ] verses θ shows that the even-fold degeneracy structure always appears in the whole range of 0 < θ < 1. This suggests that altering J 1 and J 2 will not drive the system out of the Haldane phase. This is expected since these coupling terms preserve the symmetry that protects the topological order 37 , which is known as the symmetry-protected topological (SPT) order 41 . In a SPT phase, the topological order will be robust as long as the symmetry is preserved. At θ = θ c2 ≃ 0.9 where the gap of sublattice A is opened, we do not see any singularity from the ES. The system should be formed by a Haldane state in sublattice A, which contributes the two-fold degeneracy, with the free spins in sublattice B. Therefore, θ = θ c2 might be a topological phase transition point that separates two different kinds of string orders 33, 34 . Fig. 3 (b) also shows the ES versus θ at h z = 1 (blue solid circles). In accordance to the phase diagram, no double degeneracy of the ES is observed for 0 < θ < 0.59 and 0.83 < θ < 1. These regions are formed by several phases such as magnetic plateaus and incommensurate regions which possess no topological orders. For 0.59 < θ < 0.83, the system is in the partial Haldane phase. Different from the h z = 0 case for θ > θ c2 , the ES shows a four-fold degeneracy. In both cases, the Haldane state in sublattice A contributes the two-fold degeneracy. For h z = 0, sublattice B gives a paramagnetic state, thus contributes no degeneracy to the ES. In the partial Haldane phase with h z > 0, the magnetic field induces effective ferromagnetic couplings between each two nearestneighboring spins in sublattice B. It is known that for the ground state of the ferromagnetic spin-1 chain, the two dominant values of the ES are degenerate (no degeneracy for the rest values). Therefore, the four-fold degeneracy in the partial Haldane phase (h z > 0) comes from both the Haldane and the effective ferromagnetic (FM) states. Within the partial Haldane phase, the state is on a M = 1 2 magnetic plateau. As shown in Fig. 2 and Fig. 3(a) , the width of the 1/2-plateau gives exactly the spin gap of the sublattice A. Note that the 1 2 UUD also shows a 1/2-plateau, however, the magnetic order of the sublattice A is completely different from the partial Haldane phase.
Reentrance of topological phases. -Normally, topological phases including Haldane phase will be suppressed by the magnetic field. For a SPT phase, the field tends to break the symmetry and drives the system to a topologically trivial phase. In our system, we show that the partial Haldane phase that exhibits topological order will be induced by increasing the magnetic field. The Haldanetrivial phase -partial Haldane quantum phase transitions are observed. Fig. 4 presents such a reentrant behavior by showing the magnetizations and ES at θ = 0.62. For h z < h c1 ≃ 0.017, all magnetizations are zero, and the ES shows two-fold degeneracy [ Fig. 4(b) and (c) ]. The system is in the Haldane phase. For h z > h c1 , the system is driven to UDD phase. This is topologically trivial phase, where the spins shows long-range magnetic orders. The degeneracy of the ES is also lifted in this phase. By continuing increasing h z to h z > h c2 ≃ 0.91, the system is driven back to a topological phase (partial Haldane phase) with two-fold degeneracy in the ES [ Fig. 4(d) ]. Until h z > h c3 ≃ 1.69, the system enters a UUU phase.
At θ = 0.62, the reentrance of the topological orders are further revealed by two kinds of string orders O z π and O z π,A , which are defined as
O z π,A is defined on the sublattice A, and O z π is defined on the whole lattice. In Fig. 4 (e ). Note that due to the numerical noises (particularly near the phase boundary, e.g., at θ = 0.62 in Fig. 4(d) and other results that are not shown), the four-fold degeneracy may be lifted to a double two-fold degenerate structure with a small split. This is due to the different stabilities of the degeneracies from the Haldane and effective FM parts. The degeneracy from the Haldane state is protected by the Haldane gap, thus is more stable under numerical noises. The degeneracy from the FM state is more sensitive to noises. This leads to a double two-fold structure of the entanglement spectrum.
The reentrance of the topological phases can also be understood intuitively with the effective ferromagnetic couplings in sublattice B, consistent with the four-fold degeneracy of the ES in partial Haldane phase. In the Haldane phase, all spins participate in the Haldane state. For 0.64 < θ < 0.9, the system enters the UDD magnetic phase by increasing h z , where the spins in the two sublattices are towards different directions. Due to the geometrical frustration, the sublattice B plays a role of a ferromagnetic background to provide an effective magnetic field h inner to sublattice A with h inner ∝ M B . The h inner (in the opposite direction to h z ) dominates over both h z and the couplings J 2 in sublattice A, so that the spins in sublattice A cannot form a Haldane state. This explains why this region is gapless, where the h inner instead h z is responsible to close the Haldane gap. Until h z > 0.97, the spins in sublattice B are totally polarized, and h z is strong enough to cancel with h inner so that the total effective field h ef f ect = h z − h inner on sublattice A is beneath the Haldane gap. In this case, the spins in sublattice A forms a Haldane state, and the whole system enters the partial Haldane phase. By further increasing h z , the magnetic field is sufficiently large to drive the system out of partial Haldane phase and polarizes all spins in the same direction. Summary. -This work extends the reentrant phenomena to the frustrated quantum system with topological orders. We calculate the S = 1 antiferromagnetic Heisenberg model on sawtooth lattice with different coupling strength parameterized by θ. The groundstate phase diagram in a magnetic field is established, where fruitful phases are revealed. By tuning the magnetic field, an Haldane phase -trivial phase -partial Haldane phase transitions are observed. The partially topological-ordered phase has the coexistence of the Haldane state and topologically-trivial magnetic state in the two sublattices, respectively.
In the statistic physics, the reentrance is an entropic driven phenomenon, where the phase is stabilized by minimization of energy in combination with maximizing the entropy 1,3-15 . The necessary condition for a reentrant phenomenon to occur is the existence of partial disordered phase with an ordered phase or a partial ordered phase 1, 4 . Such a mechanism was recently extended to frustrated quantum systems at zero temperature 26 , where the reentrant behavior (or the emergence of partial disorder) is a novel result of frustration and quantum fluctuations. Our work further generalizes the reentrance to topological systems, where the partially disordered phase is formed by the topological Haldane state and topologically trivial magnetic state in the two different sublattices. We expect to find more novel topological reentrant phenomena in two and higher dimensions. The Hamiltonian of our system is given by
, and h z the magnetic field along the z direction. In Fig.S1 , we show the ground-state energy per site E 0 and entanglement entropy(EE) for h z = 0 by density matrix renormalization group(DMRG) 30, [42] [43] [44] with 160 sites and periodic condition. The entanglement entropy in the middle of the system as
with λ the entanglement spectrum. The ground state wave function is represented as a matrix product states (MPS) 45, 46 . Fig.S1 (a) shows the ground-state energy per site E 0 . In the limit of θ = 0, E 0 is close to the energy e 0 = 1.401484038971(4), which is the ground-state energy per site of the infinite antiferromagnetic S = 1 Heisenberg chain 35 . In the limit of θ = 1, E 0 approaches to e 0 /2 since the spins in sublattice B are decoupled free spins and do not contribute to the total energy.
To detect if there exit any phase transitions at h = 0, we calculate the first-order derivative of E 0 against θ, as shown in Fig.S1 (b) . No singular behavior of ∂E 0 /∂θ is observed. The EE of our model is shown in Fig.S1  (c) . Similarly, we do not observe any singular behavior of ground state EE against θ. Only a shoulder is observed near θ = 0.65 where the spin gap of the system closes (see the main text). Note that in the Haldane phase,the minimum value of entanglement entropy cannot drop below ln (2) 37 . All of our simulations imply that the system will not be driven out of the Haldane phase by θ, in accordance with the data and discussions given in the manuscript.
We simulate string orders (Fig.S1 (d) ) that are defined as
In the standard Haldane chain, one has O and vanishing O z π . For 0.78 < θ < 0.9, it seems that two string orders co-exist. But our simulation suffers quite large numeric errors in this region. We for now cannot confirm whether both string orders should exist in the thermodynamic limit. We demonstrate the magnetic properties along the line θ = 0.36 in Fig. S2 (a) are defined as
At h z = 0, the system is in the Haldane phase, where
When h z = 0.64, the Haldane gap ∆ is closed, and system enter into a incommensurate crossover (IC) region until h z = 0.79, then system get into When h z = 1.1 and h z = 1.6, system is stabilized in the M = shows the entanglement spectrum(logarithmic plot) versus θ. For θ < 0.72, no degeneracy is observed in the spectrum. For θ > 0.72, the whole spectrum shows even-fold degeneracies, suggesting that the sublattice A enters a Haldane phase. Interestingly, the dominant values of the spectrum are four-fold degenerate. This is different from the standard Haldane phase where the dominant part shows two-fold degeneracy. The four-fold degeneracy is a combined result of the Haldne nature of sublattice A and the effective ferromagnetic interactions in sublattice B. The two sublattices, though possessing different nature, both contribute two-fold degeneracy, resulting in a four-fold degeneracy in the entanglement spectrum of the total ground state. Both the 1 2 -UUD and partial Haldane phases are on the 1 2 magnetic plateau. However, the properties of these two phases are completely different. Fig.S6 (a) shows the magnetizations at h z = 1.35. For θ < 0.6, the system is in A vanish to zero at the same time. Fig. S6 (b) and (d) give the local magnetic momentums in the two phases, respectively. Usually a plateau magnetization is a commensurate, classical state stabilized by quantum fluctuations. This is well reflected in Fig.S6 (b) where the system is in 1 2 -UUD phase and the local magnetic momentums in the sublattice A exhibit a classical antiferromagnetic order. In contrast for θ ≥ 0.6 as showed in (d), the 1 2 plateau is formed by the magnetically disordered Haldane state in A and the classical polarized state in B. Besides the local magnetic momentum, the 1 2 -UUD and partial Haldane phases can be distinguished by the entanglement spectrum as shown in Fig. S6 (c) and (e). The ES is not degenerate at h z = 1.35 and θ = 0.58, while it shows double degeneracy at θ = 0.6.
In Fig. S7 , we show the nearest-neighbor (NN) spin correlation S i S i+1 and next-nearest-neighbor (NNN) spin correlation S i S i+2 . Note S i S i+2 is in fact the NN spin correlation on sublattice A (J 2 couplings). As shown in Fig. S7 (a) , when system is in 1 2 -UUD plateau phase, obviously the translational invariance is broken. The correlation is consisted with the pattern of local magnetic momentum shown in Fig.S6 (b) .
As the local magnetic moment is equal to zero on sublattice A in the partial Haldane phase, it is also possible that the spins form valance bonds. If this is true, the translational invariance should be broken. To exclude this case, we show S i S i+1 and S i S i+2 in the partial Haldane phase in Fig. S7 (b) . Both the S i S i+1 and S i S i+2 are constant, meaning the translational invariance is kept. The inset of (b) shows that the difference of S i S i+1 is around O(10 −4 ) due to computational errors. The translational symmetry is well kept and such state is not a valence-bond state.
